Abstract. In the previous paper [Iri1], we constructed equivariant Floer cohomology for complete intersections in toric variety and showed that it is isomorphic to the small quantum D-module after a mirror transformation when the first Chern class of the tangent bundle is nef. In this paper, we show that in non-nef case, equivariant Floer cohomology reconstructs the big quantum D-module using mirror theorem by Coates and Givental [CG]. This reconstruction procedure gives a generalized mirror transformation first observed by Jinzenji in low degrees [Jin1, Jin2] .
Introduction
Equivariant Floer cohomology proposed by Givental [Giv1] is a conjectural semi-infinite cohomology of the free loop space of a symplectic manifold M . This has naturally a D-module structure and Givental conjectured that it is isomorphic to the quantum D-module defined by quantum cohomology. In [Iri1] , we constructed equivariant Floer cohomology F H * S 1 ( LM ) for toric complete intersections as an inductive limit of (ordinary) equivariant cohomology. Our F H * S 1 ( LM ) gives a mathematical realization of the genus 0 part of Witten's gauged linear sigma model. Based on the classical mirror theorem by Givental [Giv2, Giv3] , we showed that if the first Chern class of the tangent bundle is nef, F H * S 1 ( LM ) is isomorphic to the small quantum D-module SQH * (M ) as an abstract quantum D-module. (This notation for quantum D-modules is used only in the introduction.) Our F H S 1 ( LM ) was defined also for manifolds with non-nef first Chern class. In this case, however, F H * S 1 ( LM ) (or linear sigma model) is not isomorphic to SQH * (M ). Here we need generalized mirror transformations.
Generalized mirror transformation involves a reconstruction procedure from a small Dmodule to a big one. We have both small and big versions of quantum D-modules. The big quantum D-module QH * (M ) is a D-module over total cohomology group H * (M ) and the small one SQH * (M ) is the restriction to H 2 (M ) of the big one. First we reconstruct some "big" D-module from F H * S 1 ( LM ) and then it turns out that it is isomorphic to QH * (M ). Thus, F H * S 1 ( LM ) is obtained as a restriction of QH * (M ) to a certain non-linear subspace of H * (M ) (not necessarily equal to H 2 (M )). In order to formulate generalized mirror transformations, we define abstract big/small quantum D-modules and prove that abstract small quantum D-module reconstructs the big one uniquely if the cohomology algebra H * (M ) is generated by H 2 (M ). This is a generalization of Kontsevich and Manin's reconstruction theorem [KM] .
For the proof of generalized mirror transformations, we use the mirror theorem of Coates and Givental [CG] essentially. The theory of Coates and Givental describes the mirror transformation as a symplectic transformation of infinite dimensional Lagrangian cones in the cotangent bundle H * (M ) ⊗ C[[ , −1 ]] of the large phase space. It describes the relationship between the Gromov-Witten theory of M itself and the twisted theory by a vector bundle V on M . In genus 0, the latter twisted theory is closely related to the Gromov-Witten theory of the zero-locus of any regular section of V [KKP] . We interpret the Coates-Givental's mirror transformation in terms of D-modules. In the language of abstract quantum D-modules, it can be written as a combination of a change of frames of the zero-fiber and a translation of the origin.
The main point in this paper is the reconstruction of the big quantum cohomology from the linear sigma model. In generalized mirror transformations, the use of (non-convergent) formal power series in the Novikov ring parameters is essential and inevitable. In a forthcoming paper [Iri2] , we will discuss the convergence of generalized mirror transformations in some refined sense.
The paper is organized as follows. In section 2, we review the theory of quantum D-modules. In section 3, we review the equivariant Floer cohomology for toric complete intersections. In section 4, we formulate abstract big/small quantum D-modules and prove the reconstruction theorem. In section 5, we prove the embedding of equivariant Floer cohomology into big quantum D-modules. We also include the review of Coates-Givental's theory. In section 6, we illustrate generalized mirror transformations by examples. Acknoledgement Thanks are due to Professor Hiraku Nakajima for his encouragement and guidance. The author also expresses gratitude to Professor Masao Jinzenji for explaining his work and his computer program. He is also grateful to Kazushi Ueda for valuable discussions. This research is partially supported by JSPS Fellows and Scientific Research 15-5482.
Big and small Quantum D-modules
In this section, we review the theory of quantum cohomology D-modules for superspaces, in particular, their fundamental solutions, J-functions and Kontsevich and Manin's reconstruction theorem.
Let M be a smooth projective variety and V be a vector bundle over M . We call such a pair (M, V) a superspace on M following Givental. For simplicity, we assume that the total cohomology ring of M consists only of the even degree part, H * (M, C) = H even (M, C). The first Chern class of (M, V) is defined by c 1 (M/V) := c 1 (T M ) − c 1 (V). Let M 0,n (M, d) be a moduli space of genus zero, degree d stable maps to M with n marked points. Let π i be the i-th forgetful map π i : M 0,n+1 (M, d) → M 0,n (M, d) and e i be the evaluation map at the i-th marked point e i : M 0,n+1 (M, d) → M for i = 1, . . . , n + 1. The quantum cohomology of (M, V) is defined as the twist of the quantum cohomology of M by the equivariant Euler class of the complex of orbisheaves R • π n+1 * e * n+1 V on the moduli space M 0,n (M, d). We introduce a fiberwise S 1 action on the bundle V by scalar multiplication and trivially on the base. Let λ be a generator of the equivariant cohomology of a point with respect to this S 1 action. Introduce the following correlator notation.
where ψ i is first Chern class of the i-th cotangent line, v 1 , . . . , v n ∈ H * (M ) and [M 0,n (M, d) ] virt is the virtual fundamental class. Note that if R 1 π n+1 * e * n+1 V is not zero, we need to invert the Euler class and the above correlater takes values in the ring C[λ, λ −1 ] (not in C[λ] = H * S 1 (pt)). Let p 0 be a unit class 1 ∈ H 0 (M, C) and {p 1 , . . . , p r } be an integral basis of H 2 (M, Z) free . We can choose a basis so that each p a (1 ≤ a ≤ r) is a nef class. When c 1 (M/V) is nef, we choose p 1 , . . . , p r so that c 1 (M/V) is contained in the cone generated by p 1 , . . . , p r . Let {p r+1 , . . . , p s } be a basis of H ≥4 (M, C). Let t 0 , t 1 , . . . , t r , t r+1 , . . . , t s be linear coordinates of H * (M ) dual to a basis {p 0 , p 1 , . . . , p r , p r+1 , . . . , p s } and set q a := exp(t a ) for a = 1, . . . , r. The variable q a defines a coordinate of H 2 (M, C * ). For d ∈ H 2 (M, Z), we denote by q d the monomial (q 1 ) p 1 ,d (q 2 ) p 2 ,d . . . (q r ) pr,d . The big and small quantum cohomology QH * (M/V), SQH * (M/V) for the superspace (M, V) are tensor products of the cohomology ring and the formal power series ring On these modules, we introduce a quantum product * which is a deformation of cup product ∪. The quantum product is linear over the formal power series ring. The product of SQH * S 1 (M/V) is obtained as the limit t j → 0 of that of QH * S 1 (M/V). Let ·, · V be the Poincaré pairing twisted by the equivariant Euler class p α , p β V := M p α ∪ p β ∪ Euler S 1 (V). Note that ·, · V defines a perfect pairing on the module H * (M ) ⊗ C[λ, λ −1 ]. We define the big quantum product * of the superspace (M, V) by the formula
(log q a )p a + δ(t) and Λ ⊂ H 2 (M, Z) denotes the semigroup generated by effective curves. Because p a is nef, q d in the summation does not contain negative power of q a , i.e. q d ∈ C[q 1 , . . . , q r ]. The equivariant big/small quantum cohomology has a structure of graded rings with respect to the following degree of variables: deg q a := 2t a (c 1 (M/V)) for 1 ≤ a ≤ r, deg t j := 2 − deg p j for j > r and deg λ = 2, where t a is considered to be a coordinate of H * (M ). If c 1 (M/V) is nef, we have deg q a ≥ 0 because the basis p 1 , . . . , p r was chosen so that c 1 (M/V) is contained in the cone generated by the basis.
We then introduce big/small quantum D-modules. The dual Givental connection ∇ is a formal connection defined by
This connection 1 is known to be flat. Let D be the following Heisenberg algebra
whose commutation relations are defined as
where indices a, b satisfy 1 ≤ a, b ≤ r and indices i, j satisfy r + 1 ≤ i, j ≤ s. The equivariant big quantum D-module E S 1 is, as a module, defined as
This has a structure of D-modules by the dual Givental connection:
The D-module E S 1 is a module of sections of H * (M )-bundle over the base H 2 (M, C * ) × H ≥4 (M, C) endowed with a flat connection which is regular singular along the normal crossing divisor q 1 q 2 · · · q r = 0, where H 2 (M, C * ) ∼ = C r is a partial compactification defined by a choice 1 Here, we follow the convention that Givental connection means −∇ − and 'dual' one means ∇ [CK, p.311, p.321] .
of coordinates q a 's. The small quantum D-module E S 1 is the restriction of the big one on the subspace H 2 (M, C * ). In other words, we define
. Then E S 1 has the action of the subalgebra
The fundamental solution matrix L of the connection ∇ can be explicitly written in terms of gravitational descendents. (See equation (25) in [Pan] . Note that the sign of is opposite because we used dual Givental connection. )
This L satisfies ∇ L(p α ) = 0 and column vectors form a basis of parallel sections. By using divisor equations (see [Pan] ), we can rewrite the above L as
where p log q = r a=1 p a log q a . Therefore, we can decompose L in the form L = S • e −p log q/ , where S is the element of End(
. . , q r , t r+1 , . . . , t s ]] (does not contain log q a ). The matrix valued function S(q, t, ) is characterized by
(1) initial condition: S(0, 0, ) = id and (2) differential equations:
Moreover it satisfies (3) homogeneity:
where µ is a constant matrix defined by µ(
The homogeneity follows from the fact that S preserves the degree. The proof of unitarity can be found, for example, in [Iri1] . Since the unitarity means that S −1 ( ) is the adjoint of S(− ), we can calculate S −1 as
We define J-function as J := L −1 (1) = e p log q/ S −1 (1). The J-function is a cohomology-valued formal function and is written explicitly as
where g αβ := M p α ∪ p β and g αβ = (g αβ ) −1 . Assume that the bundle V satisfies the convexity, i.e. for any holomorphic map f : P 1 → M , H 1 (P 1 , f * (V)) = 0 holds. In this case, the structure constants of the quantum cohomology of (M, V) take values in the ring C[λ] [[q, t] ], i.e. we need not invert the variable λ. We refer the reader to [Pan] for details. Hence we can consider the non-equivariant (λ = 0) quantum cohomology QH * (M/V) and quantum D-module E. The non-equivariant version QH * (M/V) is closely related to the quantum cohomology of zero-locus N ⊂ M of a transverse section of V. By the main theorem in [KKP] 
holds where i : N → M is the inclusion and * V and * N are the products of QH * (M/V) and QH * (N ) respectively. For convex V, the fundamental solution L, and the functions S, J are regular at λ = 0. In the rest of this section, we consider non-equivariant quantum D-modules. q, t] ]. More precisely, we have a
The former part is obvious from the definition. In fact, we can define a D-module homomorphism D → E by sending f (q, t, p, ) to f (q, t, ∇ , ) · 1. This is surjective and the kernel is exactly I because L is a fundamental solution. In this paper, we are mainly interested in the quantum cohomology of toric variety (and the superspace on it), thus in this case, the H 2 -generation of the total cohomology always holds.
When the total cohomology ring is generated by H 2 (M ), we have the following reconstruction theorem by Kontsevich and Manin [KM] , whose generalization is the main theme of this paper. (1 ≤ a ≤ r, 1 ≤ α, β ≤ s), then we can determine all genus 0 n-point correlators.
Equivariant Floer Theory
In this section, we review the equivariant Floer theory for toric complete intersections [Giv1, Iri1] . Let X be a smooth projective toric variety. It is written as a GIT quotient of C N by a complex torus T r
, where the choice of coordinate subspaces is determined by the data of the fan. Torus T r C acts on C N by the weight (m a i )
. We can also define toric variety as a symplectic reduction. Let µ be the moment map of the above T r C action on C N . This is a Lie(T r R ) ∨ -valued function on C N and defined by µ(z 1 , . . . , z N ) = (
for a suitable choice of η in Lie(T r R ) ∨ . The reduced symplectic form gives a Kähler form of X. We also consider a convex superspace (X, V) over X where V is a sum of nef line bundles
where T r C acts as (v, z) → (ρ(t)v, t · z). In this way, we can identify the Picard group with Hom(T r C , C * ) and also with H 2 (X, Z) (by taking the first Chern class). The divisor defined by z i = 0 is called toric divisor and represents the class u i ∈ H 2 (X, Z) = Hom(T r C , C * ), where
p a = (0, . . . , 1, . . . , 0), 1 is in the ath entry.
As in section 2, we can choose a basis {p 1 , . . . , p r } so that each p a is a nef class. Next we define the algebraic model L X for the free loop space of X as an infinite dimensional GIT quotient [Giv1, Vla] .
, where ζ is a parameter of loop and T r C acts on C[ζ, ζ −1 ] N in the same way. We can define L X also as a symplectic quotient. Define
The space L X is an infinite dimensional, but it is smooth and Kähler in the sense that it is written as an inductive limit of Kähler manifolds. We can define a covering transformation Q 1 , . . . , Q r of L X corresponding to a basis of H 2 (X, Z) dual to {p 1 , . . . , p r }.
Moreover, L X has an action of S 1 rotating loops
as in the above construction. The S 1 -action (linearization) on L a is defined naturally, and we put
We have the following commutation relation:
as operators acting on the cohomology, where ∈ H 2 S 1 (pt) is a generator of the equivariant cohomology of a point, Q b acts by pull-back and P a acts by cup product. The S 1 action on L X is Hamiltonian with respect to the Kähler form and the Hamiltonian H is given by
This Hamiltonian is an analogue of the action functional S[z(ζ)] = z pdq on the universal covering LX of free loop space. The critical point set of H is equal to the S 1 -fixed point set and also equal to the set of constant loops. Therefore, it is isomorphic to the H 2 (X, Z) copies
The gradient vector field of H generates a flow φ t on L X which can be written explicitly as φ t (z)(ζ) = z(e −t ζ) for z(ζ) ∈ L X . We write L ∞ d as the closure of the stable manifold of X d with respect to this gradient flow.
We explain the construction of equivariant Floer cohomology in the case of toric variety itself (V = 0). In a word, it consists of semi-infinite cycles such as the above stable manifolds. We introduce a partial order (≤) of H 2 (X, Z) as follows.
). Thus, we have an inductive system. We define semi-infinite cohomology H ∞/2 S 1 (L X ) as the following inductive limit
The covering transformations Q a and equivariant two dimensional classes P a act on this semi-infinite cohomology and satisfy the commutation relation [P a ,
. This is the class representing the stable manifold
. . , P r . For the superspace case, we introduce another fiberwise S 1 action on V and think a T 2 -equivariant theory. We consider a superspace (
We refer the reader to [Iri1] for details. We can dually define equivariant Floer homology F H T 2 * (L X/V ) by replacing stable manifolds with unstable manifolds. This also has an action of the Heisenberg algebra, but the commutation relation is opposite [P a , Q b ] = − δ b a Q b because Q b acts on this module by push-forward. We have a bar isomorphism (Poincaré duality) :
We can define a pairing between equivariant Floer homology and cohomology
. This is defined as the intersection of two semi-infinite cycles. We also define
This has nice properties: (α, Q a β) = (Q a α, β) = q a (α, β) and (α, P a β) = (P a α, β)+ q a ∂ ∂q a (α, β). We have a map Ξ :
The map Ξ satisfies the following differential equation.
The maps Ξ and Ξ can be considered as "half" integrations because they satisfy 
. Then the D-module structure is given by the connection ∇ a = q a ∂ ∂q a + Ω a . The difference between the quantum D-module introduced in section 2 is that this connection matrix Ω a may depend also on . We construct a fundamental
By the above equations for Ξ, we can see that S = S Φ,(Q,P ) satisfies the (1) 
Note that these equations are almost the same as the equations (1)- (4) for S appearing in section 2. The fourth equation (4) is called unitarity because (Φ can (α), Φ can (β)) = α, β V holds for the canonical frame Φ can . In particular, L Φ,(Q,P ) = S Φ,(Q,P ) • e −p log q/ is a fundamental solution and we can define a J-function in the same manner as in section 2.
This function J Φ,(Q,P ) is the same one as Givental's I-function. This I-function does not necessarily coincide with J-function defined by Gromov-Witten theory of (X, V) but is related to it by (generalized) mirror transformations.
Reconstruction of Abstract Big Quantum D-Modules
In this section, we formulate abstract big/small quantum D-modules. First we discuss canonical frames. The important difference between big and small is that we can take compatible coordinates with a canonical frame for big ones, but cannot necessarily for small ones. Secondly, we discuss the reconstruction of abstract big quantum D-module from a small one and formulate a generalized mirror transformation. 4.1. Definitions. Let O, O small , O and O small be the following formal coordinate rings of the space B = (C r × C s−r , 0), B small = (C r , 0), B × C and B small × C respectively, where is a coordinate of C.
We also use a coordinate t a := log q a for 1 ≤ a ≤ r. As in section 2, we define Heisenberg algebras D and D small as
The commutation relation among generators is the same as in section 2. (
, where a, b range from 1 to r and i, j range from r + 1 to s. The definition of a coordinate system for D small can be obtained as the special case r = s of D. We can describe any coordinate system of D more concretely.
Proposition 4.1. Let (q, t, p) and (q,t,p) be two coordinate systems of D. The Jacobi matrix (∂t α /∂t β ) 1≤α,β≤s is an invertible element of the ring Mat(n, O) of n × n matrices with entries in O andp α is written asp
Note that t a ,t a are not in O, therefore that it is not clear if each entry of Jacobi matrix belongs to O. The proposition easily follows from the following integrability lemma in the same way as Proposition 3.1 in [Iri1] .
We give a more precise form of the coordinate transformation. The following lemma is a straightforward extension of Lemma 3.4 in [Iri1] .
Moreover, new coordinates (q 1 , . . . ,q r ,t r+1 , . . . ,t s ) are of the form
and are determined up to constants,q a → c aqa .
Now we give the definition of abstract big/small quantum D-modules. Let E be a D smallmodule and E be a D-module. For E, we define
Then, V is a module over C[p 1 , . . . , p r ] and E 0 is a module over C[p 1 , . . . , p r , ], where the action of p a comes from that of p a . For E, we define
Note that we cannot define an action of p j on E 0 for j > r . There modules are independent of a choice of a coordinate system of D small or D. We call E 0 (resp. E 0 ) the zero fiber of E (resp. E). An abstract small (resp. big) quantum D-module is a D small -module E (resp. D-module E) endowed with a base point e 0 in V satisfying the following axioms.
(1) V is a finite dimensional C-vector space.
(2) There exists a splitting Φ :
The subset {e 0 , p 1 e 0 , . . . , p r e 0 } of V is linearly independent (resp. {e 0 , p 1 e 0 , . . . , p s e 0 } is a basis of V ) over C.
We can easily see that big/small quantum D-modules introduced in section 2 satisfy the above axioms for e 0 = 1 ∈ V = H * (M ) and Φ = id. The equivariant Floer cohomology in section 3 is also an important example of abstract small quantum D-modules. The third axiom says that the p a action on the zero fiber E 0 (or E 0 ) is " -independent" through the frame. By the fourth axiom, the dimension of V is equal to s + 1(=dim B + 1) in the big case and not less than s + 1 in the small case. Also we can see that an abstract big quantum D-module is generated by Φ(e 0 ) for any frame Φ as a D-module.
The important point in the formulation of abstract quantum D-modules is that we only postulate the existence of the frame Φ and do not fix a choice of it. Therefore we can change a frame by a gauge transformation Q as Φ →Φ = Φ • Q, where Q ∈ Aut O (V ⊗ O ). In this case, in order forΦ to become a new frame, we need to assume that Q induces a
Take a frame Φ of E and a coordinate system (q, t, p) of D. We define a flat connection ∇ of the trivial bundle
for v ∈ V . Because ∂ ∂t a = q a ∂ ∂q a for 1 ≤ a ≤ r, the connection ∇ is regular singular along the divisor {q 1 q 2 · · · q r = 0}. This connection corresponds to the dual Givental connection divided by in the original case. The connection matrices Ω α are transformed under a gauge transformation Q as
They are transformed also under a coordinate transformation (q, t, p) → (q,t,p) as
where F is the same function as in Proposition 4.1. Similarly, we can also define a connection for the small case.
Canonical Frames and Compatible (Flat) Coordinates.
A frame Φ is said to be canonical if the associated connection matrices Ω α are -independent, in other words, Ω α is in End(V ) ⊗ O. We can show that for a fixed frame Φ 0 of the zero fiber, there exists a unique canonical frame Φ which induces Φ 0 . For original quantum D-modules coming from quantum cohomology, Ω α is identical with the quantum multiplication by p α , therefore we have a priori a canonical frame. We define the fundamental solution for abstract quantum D-modules. Let ∇ 0 and ∇ 1 be the following flat connections of the endomorphism bundle End(V ) × B → B.
where 1 ≤ α ≤ s, 1 ≤ a ≤ r and r + 1 ≤ j ≤ s. The connections ∇ 0 , ∇ 1 are regular singular along the divisor {q 1 q 2 · · · q r = 0}. A parallel section of ∇ 0 defines a fundamental solution of ∇. First we solve for a flat section S of ∇ 1 , and next we define a fundamental solution L by L := S • e −p log q/ which is a parallel section of ∇ 0 , where p log q = r a=1 p a log q a . We can show the following proposition.
Proposition 4.4. For a fixed frame Φ and coordinates
The corresponding statement in the small case is proven in Proposition 3.5 in [Iri1] . The proof of the above proposition is similar to it. By using the parallel section S Φ,(q,t,p) , we define the fundamental solution L Φ,(q,t,p) by L Φ,(q,t,p) := S Φ,(q,t,p) • e −p log q/ . We can describe explicitly the dependency of S Φ,(q,t,p) on the frame and coordinates. IfΦ = Φ • Q,
where c a is a constant determined by the condition logq a − log q a − c a ∈ m, Q 0 = Q| q=t=0 and F is the function appearing in Proposition 4.1 (We can assume by Lemma 4.3 that logq a = log q a + δ a (q, t) for some δ a (q, t) ∈ O after renumbering the indices.) We define the J-function for a frame Φ and coordinates (q, t, p) by
Φ,(q,t,p) (e 0 ). The same property holds for this J Φ,(q,t,p) (q, t, ) as J-function in Proposition 2.1.
For the existence and uniqueness of canonical frames, we can prove the following. Theorem 4.6. For a given frame Φ 0 of E 0 (or E 0 ), we have a unique canonical frame Φ can which induces Φ 0 .
This theorem holds both for small and big cases. For the proof, we start from a not necessarily canonical frame Φ which induces Φ 0 and find a gauge transformation Q such that Q| q=t=0 = id and that the transformed connection matrices become -independent. We use a Guest's idea in [Gue] and find Q by the Birkhoff factorization of the solution S Φ, (q,t,p) . We factorize S Φ, (q,t,p) as S Φ,(q,t,p) = S + S − , where
and S − ( = ∞) = id. Then S + gives the desired gauge transformation Q. We will omit the details because they are similar to the proof of Theorem 3.8 in [Iri1] . In the above theorem, we need to fix a choice of Φ 0 , but in practice, we have a standard choice of Φ 0 . For example, equivariant Floer cohomology has a natural grading, therefore the frame Φ 0 of E 0 can be uniquely determined by the condition that Φ 0 preserves the degree. We can calculate the above gauge transformation Q by the following formula.
Proposition 4.7. The gauge transformation Q which transforms connection matrices into -independent ones is explicitly calculated by the following formula.
where S = S Φ,(q,t,p) and q, t] ] is the projection.
Proof. Note that the formula does not hold for a general v ∈ V ⊗ O because the right hand side is not -linear. Also note that the right hand side converges in the (q, t)-adic topology because S −1 = id +O(q, t). Since Q is given by the Birkhoff factorization: S = QS − , we have
Therefore Q is almost the inverse of π + • S −1 and we obtain the formula.
A coordinate system (q, t, p) is said to be compatible with a given frame Φ if it satisfies
For original quantum D-modules, the above relation clearly holds because e 0 = 1. If (q, t, p) and (q,t,p) are compatible with the same frame Φ, two coordinate systems are related bŷ
for some constants c a , G j i , F i and permutation σ ∈ S r , where 1 ≤ a ≤ r, r + 1 ≤ i, j ≤ s. This easily follows from Proposition 4.1 and Lemma 4.3. Therefore, we have an affine structure on the base space B. We call coordinates compatible with a canonical frame Φ can flat coordinates. In a canonical frame Φ can and flat coordinates (q, t, p), J-function has the following asymptotic expansion in −1 .
Hence, the information of flat coordinates is encoded in the coefficients of −1 of J. This can be easily checked by the fact that S = S Φcan,(q,t,p) is of the form S = id +O( −1 ) and the differential equation satisfied by S. For the existence of flat coordinates, we have the following theorem.
Theorem 4.8. For an abstract big quantum D-module E and a canonical frame Φ can of E, there exists a compatible (flat) coordinate system (q, t, p).
Proof. Let Φ can be a canonical frame and Ω α be the associated connection matrices. By the flatness of the connection, we have
Because Ω α is independent of , we have
Because {e 0 , p 1 e 0 , . . . , p s e 0 } forms a basis, we can write
for some functions (q 1 , . . . ,q r ,t r+1 , . . . ,t s ) of B such that
Then, by puttingp α = s β=1 (∂t β /∂t α )p β + ∂F/∂t α , we have a compatible coordinate system (q,t,p) with Φ can .
In [Iri1] , we proved that under the 'nef' assumption, an abstract 'small' quantum D-module also has a compatible coordinate system with the canonical frame. Here, the 'nef' assumption says that D-module is graded in some sense and that each variable q a has non-negative degree. This situation geometrically corresponds to the case of quantum cohomology of manifolds with the nef first Chern class. Without the 'nef' assumption, however, we cannot expect that compatible coordinates exist for abstract small quantum D-modules. This is the reason for the necessity of the reconstruction.
4.3. Reconstruction. Let E be an abstract big quantum D-module and (q, t, p) be a coordinate system of D. We can obtain from E an abstract small quantum D-module E by putting E = E/ s j=r+1 t j E. We show that the converse procedure (reconstruction) can be done uniquely under some condition.
Two abstract big quantum D-modules E (1) and E (2) are said to be isomorphic if there exist an isomorphism ψ : D (1) → D (2) of the Heisenberg algebras D (i) acting on E (i) (both are isomorphic to D) and an isomorphism φ : E (1) → E (2) of modules such that ψ(m (1) ) = m (2) , ψ(m ′ (1) ) = m ′ (2) and that the following diagram commutes.
Here, m (i) , m ′ (i) are O-submodules of D (i) defined in section 4.1. The horizontal arrows are the maps of the D action. An isomorphism of two abstract small quantum D-modules is defined similarly. Let E be an abstract big quantum D-module. Take an O-submodule m t ⊂ m which is generated by t r+1 , . . . , t s for some coordinate system (q, t, p) of D. We call such a submodule m t 'generated by t-coordinates'. Let Z(m t ) := {y ∈ D | [y, m t ] = 0} be the centralizer of m t in D. Then Z(m t )/m t Z(m t ) becomes a ring isomorphic to D small . The module E := E/m t E naturally has an action of D(m t ) := Z(m t )/m t Z(m t ) and has the structure of an abstract small quantum D-module. Note that this construction is functorial. 
and that the induced isomorphisms ψ :
Proof. Take a canonical frame Φ can of E and a coordinate system (q, p) of D small . Let Ω a (q), 1 ≤ a ≤ r be connection matrices associated with Φ can . We choose a basis (p 0 , p 1 , . . . , p r , p r+1 , . . . , p s ) of V such that p 0 = e 0 , p 1 = p 1 e 0 , . . . , p r = p r e 0 . By the assumption, we have a unique ring structure on V such that p 0 is a unit and the module structure C[p 1 , . . . , p r ] → V becomes a surjective ring homomorphism. Because Ω a (q) is -independent, [Ω a (q), Ω b (q)] = 0 holds as shown in equation (4.3). Therefore, we have also a commutative ring structure on V ⊗ C [[q] ] such that p 0 is a unit and the matrix Ω a (q) represents the multiplication by p a . In the limit q → 0, this ring structure gives that of V described above. Let Ω j (q) in End(V )
We want to reconstruct the connection matrices Ω a (q, t) for 1 ≤ a ≤ r and Ω j (q, t) for
is the degree n part of Ω α (q, t) with respect to the variables t r+1 , . . . , t s . The integrability constraint is written as
Here, the range of indices is 1 ≤ a, b ≤ r, r + 1 ≤ i, j ≤ s and t a = log q a . We also impose the condition that Ω j (q, t)p 0 = p j holds. In other words, we assume Ω (n) j p 0 = 0 for j > r and n ≥ 1. (4.8)
Under this condition, we show that we can solve for Ω by using equation (4.5). This is possible because the right hand side of (4.5) satisfies the integrability
, where ∂ α = ∂/∂t α . We must check the first equation of (4.4) holds for n = m + 1. From
. Also we must check that the first equation of (4.6) holds for n = m + 1. We apply ∂ i on the left hand side and get
b ] = 0. Secondly, we solve for Ω ). More specifically, for any element v ∈ V , we can write v as the following linear combination:
(4.9)
Then by (4.7) and (4.8), we calculate
The last equation defines a matrix Ω (m+1) j
. Here, we must check the second equation of (4.4) for n = m + 1. By differentiating the above equation by t i , we have
The first term in the right hand side is symmetric in i, j by the induction hypothesis. On the other hand, we have [Ω
Therefore the second term is also symmetric in i, j. This completes the induction step.
Next we show the uniqueness of the reconstruction. Let E be an abstract big quantum D-module and (q,t,p) be a coordinate system of D. Assume that E/ s j=r+1t j E is isomorphic to the given module E as an abstract small quantum D-module. By the isomorphism E/ s j=r+1t j E ∼ = E, we identify the zero fiber E 0 of E with that of E. Thus, we can fix a frame Φ 0 : V ⊗ C[ ] ∼ = E 0 of the zero fiber which is induced from the given canonical frame Φ can of E. Take a frame Φ of E which induces Φ 0 . Let Ω a (q,t, ) and Ω j (q,t, ) be the connection matrices associated with Φ and (q,t,p). The connection matrices Ω a (q,t = 0, ) are connected with the above Ω a (q)'s by a gauge transformation and a coordinate change. Since a gauge transformation and a coordinate change on the subspacet j = 0 can be lifted on the whole space, we can assume that from the first, Ω a (q, 0, ) is equal to Ω a (q) as functions of q a 's. In this setting, the uniqueness of E is restated as follows: There exists a unique gauge transformation Q in End(V ) ⊗ O and a unique coordinate change (q,t,p) → (q, t, p) such that s j=r+1t j O = s j=r+1 t j O , Q|t =0 = id, q a |t =0 =q a and the connection matrices associated with the new frameΦ = Φ • Q and coordinates (q, t, p) are equal to Ω a (q, t) and Ω j (q, t) reconstructed above.
First by Theorem 4.6, we can find a unique gauge transformation Q such that Q|q =t=0 = id and the new connection matrices Ω ′ α := Q −1 Ω α Q + Q −1 ∂Q/∂t α become -independent. This gauge transformation Q automatically satisfies Q|t =0 = id because on the subspacet = 0, we already have a -independent connection. Next we find a new coordinate system (q, t, p) such that (a)
b) q a |t =0 =q a and the associated connection matrices satisfy (c) Ω ′′ a (q, 0) = Ω a (q) and (d) Ω ′′ j (q, t)p 0 = p j . Here, the new connection and coordinates are written as
For a fixed j, the above equations define an integral curve (parameterized by t j ) of some vector field on (F,q,t)-space. We check the commutativity among t j -flows. We define vector fields f j := s β=1 G β j (∂/∂t β ), and matrices
By the flatness of ∇ ′ and commutativity of A j 's, we have
By Lemma 4.3, we can putt a = logq a = log q a + δ a (q, t) for δ a ∈ O. We can solve fort β (q, t) uniquely under the following initial condition. δ a (q, t = 0) = 0,t j (q, t = 0) = 0. (4.11) These initial conditions correspond to the conditions (a) and (b). By the condition (c), we must have ∂t β /∂t a | t=0 = δ β a and ∂F/∂t a | t=0 = 0. The former condition ∂t β /∂t a | t=0 = δ β a is automatically satisfied by (4.11) and the latter condition together with (4.10) determine F up to constant. Hence, we have a unique coordinate system (q, t, p) satisfying (a)-(d [Dub] .
By using the reconstruction, we can describe a generalized mirror transformation. We will see in the next section that the procedure below gives the 'right' answer when we start from the equivariant Floer theory.
(1) Begin with an abstract small quantum D-module E whose V is generated by e 0 as a
(2) Take a canonical frame Φ can of E by the Birkhoff factorization. (3) Reconstruct an abstract big quantum D-module E from E by the method described in the above proof. Concretely, we solve for matrix-valued functions Ω α (q, t) (1 ≤ α ≤ s) from Ω a (q) (1 ≤ a ≤ r) recursively. (4) Take a flat coordinate system (q,t,p) so that the new connection Ωα(q,t) = s β=1 (∂t β /∂t α ) Ω β (q(q,t), t(q,t)) + ∂F/∂t α satisfies Ωαe 0 = p α e 0 . Note thatq a ,t j are of the form t j (q, t) = t j +t j (q, 0), logq a = log q a + δ a (q) if we follow the above proof.
In the flat coordinates (q,t) of E, the original D-module E is, in general, embedded in the non-linear subspace {(q(q, t = 0),t(q, t = 0))} ⊂ B. We discuss a transformation of J-functions and the locus of E in E. Let I(q, ) := e p log q/ I(q, ) := J Φ,(q,p) (q, ) be a Jfunction associated with a not necessarily canonical frame Φ. Let Φ can = Φ • Q be a canonical frame such that Q(q = 0, ) = id and V (q, p, ) ∈ D small be a differential operator satisfying Φ can (e 0 ) = Φ(Qe 0 ) = V (q, p, )Φ(e 0 ). Then the new J-function J(q, ) := J Φcan,(q,p) (q, ) corresponding to the canonical frame is obtained by
Here, S = S Φ,(q,p) and V (q, ∂+p, ) = V | p a = ∂/∂t a +pa . By reconstructing an abstract big quantum D-module E from E, we obtain a J-function J(q, t, ) of E such that J(q, ) = J(q, 0, ). Finally we find a flat coordinate system (q,t,p). We fix a basis {p 0 , p 1 , . . . , p r , p r+1 , . . . , p s } of V such that p 0 = e 0 , p a = p a e 0 for 1 ≤ a ≤ r. Without loss of generality, we can assume that new coordinates are of the formq a = q a exp(δ a (q, t)) such that δ a (0, 0) = 0 andp j e 0 = p j . After the coordinate change, J-function is transformed as J → J(q,t, ) = e F/ J(q(q,t), t(q,t), ) for the function F ∈ m appearing in the coordinate transformation. Because this has the asymptotic J = e p logq/ (e 0 + s j=r+1t j p j / + · · · ) as in (4.2), we can read the functions F | t=0 , δ a (q, 0),t j (q, 0) from Res =0 (S −1 (Qe 0 )). By using Proposition 4.7, we obtain the following formula.
The matrix elements of S −1 can be obtained by differentiating the components of I(q, ), thus we can calculate the locus of E in E only from I perturbatively. Under the 'nef' condition, I(q, ) contains only negative powers of . Therefore the left hand side is simplified to the form Res =0 I(q, ). This recovers the original mirror transformation in [Giv3] .
4.4. Direct reconstruction method. Here, we give another reconstruction method. Because we have a uniqueness of the reconstruction, it suffices to find at least one big quantum D-module whose restriction to a q-space gives the original D-module. Let E be an abstract small quantum D-module whose V is generated by e 0 as a C[p 1 , . . . , p r ]-module. Take a basis (p 0 , p 1 , . . . , p r , p r+1 , . . . , p s ) of V such that p 0 = e 0 and p a = p a e 0 for 1 ≤ a ≤ r. Choose a differential operator P j (q, p, ) ∈ D small such that P j (0, p 1 , . . . , p r , )e 0 = p j . By the assumption, ∆ := Φ(e 0 ) is the generator of E for any frame Φ. We perturb this generator as ∆ t := exp(
Here, ∆ t lies in the extended module
This module E ext has an action of D by p j → (∂/∂t j ) ⊗ id and the multiplication by t j 's. Let E ⊂ E ext be the sub D-module generated by ∆ t . We have the following theorem.
Theorem 4.11. The D-module E is an abstract big quantum D-module whose restriction to the q-space
The J-function J E with respect to the generator ∆ t and given coordinates is given by
where J E is a J-function of E.
Proof. Put := s j=r+1 t j P j (q, p, ). It suffices to show that {∆ t , p 1 ∆ t , . . . , p s ∆ t } forms a basis of E as an O -module. The statement about J-function follows directly from the definition
, where L is a fundamental solution. The set {∆ t , p 1 ∆ t , . . . , p s ∆ t } is linearly independent over O because in the limit q, t → 0, it goes to a basis {∆ 0 , p 1 ∆ 0 , . . . , p r ∆ 0 , P r+1 (0, p, )∆ 0 , . . . , P s (0, p, )∆ 0 } of E 0 where ∆ 0 = Φ 0 (e 0 ) ∈ E 0 . We have the following: 
has degree greater than m + 1 with respect to t r+1 , . . . , t s . Repeating this, we obtain elements h α = lim m→∞ h α (m) such that x = s α=0 e − / h α e / E α holds. In this direct reconstruction, we do not need to take a canonical frame of E. Note however that the frame Φ above is in general not canonical. Thus, in this case, we must perform Birkhoff factorization and find flat coordinates after the reconstruction. As a matter of course, the direct reconstruction can be applied to equivariant Floer theory in section 3 and we can construct a big version of equivariant Floer theory at least formally.
In the same spirit, we propose a reconstruction of mirror corresponding to the big deformation space H * (M ). In Givental's mirror description, a mirror is given by an oscillatory integral of the form I(q, ) := Γq⊂Yq e fq/ ω q over some family {Y q } q∈B of affine varieties, where ω q is a holomorphic n-form on Y q (n = dim M = dim Y q ) , f q is a holomorphic function on Y q and Γ q is a suitable non-compact real n-cycle. An oscillatory integral I is called mirror of a superspace (M, V) if it generates the same D-module on the base space B as the quantum D-module of (M, V). There are many known examples of mirrors e.g. for toric and flag varieties. The mirrors in those examples correspond to the small deformation H 2 (M ). Assume that we have an oscillatory integral Γq⊂Yq e fq/ ω q mirror to the small quantum Dmodule of (M, V). Then the coordinates q = (q 1 , . . . , q r ) of the base space of the mirror family is identified with the Kähler parameters. The Jacobi ring C[Y q ]/(∂f q ) of f q is naturally isomorphic to the quantum cohomology of (M, V) at q, where C[Y q ] is the coordinate ring of Y q . The condition that H * (M ) is generated by H 2 (M ) corresponds to that the Jacobi ring is generated by the derivatives of f q in the q-directions: a (q a ∂ ∂q a ) ka f q . Take a basis {1, q 1 ∂ ∂q 1 f q , . . . , q r ∂ ∂q r f q , P r+1 (q ∂ ∂q )f q , . . . , P s (q ∂ ∂q )f q } of the Jacobi ring corresponding to a basis {p 0 , p 1 , . . . , p r , p r+1 , . . . .p s } of the cohomology. We can construct an extended mirror as
We can expect that this gives a candidate of a mirror of the big deformation because on {t r+1 = · · · = t s = 0}, it generates the small quantum D-module and we have uniqueness of the reconstruction. Finally, we remark that the polynomiality of a pairing is preserved under the reconstruction procedure. Assume that we have a symmetric pairing ·, · : V × V → C such that p a v, w = v, p a w . Following [Iri1] , we can define a pairing (·, ·) of abstract big/small quantum D-module E by using the solution S Φ in Proposition 4.4 as follows.
where we define v( ) = v(− ). This pairing does not depend on a choice of the coordinates and the frame if we fix a choice of the frame of the zero fiber 2 . This definition is related to the unitarity of S in section 2 and also to the property of the pairing of equivariant Floer cohomology in section 3. In general, this pairing takes values in
big case). This pairing is said to have the polynomiality if it takes values in C[ ][[q]] (or C[ ][[q, t]]).
We refer the reader to [Iri1, Proposition 3.19] for the statements equivalent to the polynomiality. For original quantum D-modules and equivariant Floer cohomology, the polynomiality always holds. We can easily check that the polynomiality is preserved under the reconstruction, i.e. if E has the polynomiality then so does E, provided the frame of the zero fiber of E is induced from that of E.
The Proof of Generalized Mirror Transformations
In this section, we prove that the generalized mirror transformation described in the last section gives the 'right' big quantum cohomology when we start from equivariant Floer theory.
5.1. Review of quantum Lefschetz theorem. We review the quantum Lefschetz theorem by Coates and Givental [CG] . For a smooth projective variety M , we define a genus 0 descendant Gromov-Witten potential F M 0 as the following formal function on
Here, Q is a formal parameter. We consider F M 0 as a function in t( ) :
. This H has the symplectic form Ω given by
where ·, · is a Poincaré pairing of H * (M ). More precisely, we should define H as the module
Otherwise, Ω is not well-defined. For the sake of exposition, however, we pretend that Q is a complex number in this subsection. It has a polarization H = H + ⊕ H − by the Lagrangian subspaces
. By this polarization, the space (H, Ω) is identified with the cotangent bundle T * H + = H + ⊕ H * + of H + as a symplectic vector space. We write a general element in H + as
Each q i can be considered as a H * (M )-valued coordinate (do not confuse it with the complexvalued coordinates q a 's in the previous sections). These q-coordinates are related with tcoordinates by the following dilaton shift.
where 1 is a unit class in H * (M ). By this dilaton shift, we can consider the potential F M 0 as a function on H + defined in the formal neighborhood of q( ) = − . We define a Lagrangian L as the graph of the differential dF M 0 in the cotangent bundle (H, Ω)
Here, p n is a canonical conjugate variable of q n and ∇ q n is the directional derivative. This L defines a germ of Lagrangian cone at q( ) = − . In fact, it is invariant under the dilaton vector [CG] , Coates and Givental showed that these semi-infinite subspaces L q( ) of H satisfy the following properties (see also [Giv4] .)
(1) The family {L q( ) } q( )∈H + actually depends only on dim H * (M )-parameters. More precisely, there is a function τ :
These subspaces L q( ) defines a semi-infinite variation of Hodge structures in the sense of [Bar] .
Let V → M be a vector bundle. Then we have a complex R • π n+1 * e * n+1 (V) of orbisheaves on the moduli space M 0,n (M, d). Let c(·) be the multiplicative characteristic class defined by c(·) := exp( ∞ k=0 s k ch k (·)) where s k is a formal parameter. We define a (c, V)-twisted descendent potential F V 0 by replacing the virtual fundamental class by
. In this case, we endow H with the twisted symplectic form
. Then we can identify (H, Ω V ) with T * H + as a symplectic vector space also by the polarization H = H + ⊕ H − . By the dilaton shift q( ) = t( ) − 1 , the twisted potential F V 0 is considered as a function on H + and its differential
The tangent spaces to L V also define a semi-infinite variation of Hodge structures. By the following symplectic isomorphism,
Coates and Givental proved the following "quantum Lefschetz theorem" about the twisted Lagrangian cone 3 .
Theorem 5.1 (Coates and Givental [CG] ). The Lagrangian cone L ′ V is obtained from L by the following symplectic transformation of (H, Ω).
where we set s −1 = 0 and Bernoulli numbers B 2m are defined by
In section 2, we considered the Gromov-Witten theory twisted by the equivariant Euler class. In this case, the parameters s k of the multiplicative characteristic class c are set to be log λ if k = 0 and (−1) k−1 (k − 1)!/λ k otherwise. The J-function in section 2 is obtained as an intersection point of L V and the semi-infinite subspace − + τ + H − .
Here, J V (τ, ) in the right hand side is slightly different from the twisted J-function in equation (2.1). First, τ moves in the total cohomology ring H * (M ), but in section 2, (q, t) moves only in H ≥2 (M ). Recall also that q a is the exponentiation of a linear coordinate. Second, we introduced an extra parameter Q here, which was set to be 1 in section 2. However, these differences are not important because J-function depends on t 0 ∈ H 0 (M ) only by the factor exp(t 0 / ), and the variables Q and q always appear together in the form (qQ) d in the J-function apart from the factor e p log q/ . Conversely, we can recover the Lagrangian cone from J-function.
belong to the tangent space L τ and they form a basis 3 Furthermore, they obtained a formula of the higher genus potential by using a quantization formalism.
More generally, in order to know L V , it suffices to obtain a dim H * (M )-parametric family of vectors lying on the Lagrangian cone which generates the cone itself in the above sense. When V is the sum of line bundles, Coates and Givental found such a convenient family of vectors τ → − I V (τ, − ). Assume that V = V 1 ⊕ · · · ⊕ V l and set ρ i := c 1 (V i ). Let J(τ, ) = d∈Λ J d (τ, )Q d be the J-function of M . We define a hypergeometric modification I V (τ, ) of J(τ, ) as follows:
Theorem 5.2 (Coates and Givental [CG]). Let L V be the Lagrangian cone of the GromovWitten potential twisted by the equivariant Euler class and V
This hypergeometric modification defines a so-called I-function. In the language of abstract quantum D-modules, I V is a J-function corresponding to a non-canonical frame and I V and J V turn out to generate the same D-module.
Relation between Lagrangian cones and quantum D-modules.
Here we describe the Lagrangian cones in terms of quantum D-modules. Given an abstract big quantum Dmodule E, take a frame Φ and a coordinate system (q, t, p) of D and the corresponding fundamental solution L(q, t, ) := L Φ,(q,t,p) (q, t, ). We add an additional parameter t 0 corresponding to the unit direction and extend L by L(t 0 , q, t, ) := e −t 0 / L(q, t, ) (so that it satisfies ∂L/∂t 0 + L = 0.) By virtue of t 0 , the function F appearing in the coordinate change (Proposition 4.1) is interpreted as a translation of the t 0 -coordinate t 0 →t 0 := t 0 − F . We set τ := (t 0 , log q, t) and consider L as a function in τ and . Define a semi-infinite subspace L τ by q, t] ]. This definition comes from the fact that
(Ω α e 0 ) and that these vectors generate L τ . If E has a paring satisfying the polynomiality property (see the end of section 4), L τ becomes a Lagrangian subspace and the family τ → L τ defines a semi-infinite variation of Hodge structures. In the sequel, however, we do not need a pairing of E. Define a cone L by L := τ L τ . We can see that L τ is indeed a tangent space to L. Next we describe the change of the cone L under the change of a choice of a frame and coordinates. Consider a change of frame Φ →Φ = Φ • Q and coordinates (t 0 , q, t) → (t 0 ,q,t). Here, we consider a more general coordinate change than before and allow the translation of the origin of t j coordinates also for j = 0 and j > r:
where F (q =t = 0) = 0. For the well-definedness, we must consider c j as a formal parameter in general. For simplicity, we assume the triviality of E over the subset {q 1 = · · · = q r = 0}, i.e. the connection matrices Ω α are constant along {q 1 = · · · = q r = 0}. Under this condition, c j can be replaced with a complex number. This condition always holds for the original quantum D-modules and also for any abstract big quantum D-module reconstructed from small one. We also assume that the gauge transformation Q preserves this triviality: Q(q = 0, t, ) does not depend on t. By equation ( 
Thus, the symplectic transformation of the Lagrangian cone can be interpreted as the combination of a change of a frame of the zero-fiber and a translation of the origin and does not change the abstract quantum D-module itself. In particular, the transformation of the cone must be of the form exp(T 0 / + T 1 + T 2 + · · · ) and each T i ∈ End(V ) commutes with the action of p a for 1 ≤ a ≤ r. Comparing the proposition with Theorem 5.1, we see that the twisting by V amounts to the translation by dim M l=1 s l−1 ch l (V) and the change of the frame of the zero-fiber
A choice of a frame and coordinates determines a J-function I(τ, ) := e t 0 / J Φ,(q,t,p) (q, t, ) = L −1 (τ, )(e 0 ). The map τ → − J(τ, − ) defines a dim V -parametric family of vectors situated on the cone L and generates L. If we take a canonical frame and flat coordinates, by the asymptotic of J-function (4.2), − I(τ, − ) lies in the intersection L∩(− e 0 +τ )+H − . Otherwise, it is not in (− e 0 +τ )+H − . In this case, we can obtain the canonical J-function as the intersection of − L τ with − e 0 + H − . This is equivalent to find a 'good' basis {J 0 (− ), Let X = C N //T r C be a smooth projective toric variety. About toric varieties, we follow the notation in section 3. Let V be a sum of line bundles over X with first Chern classes v 1 , . . . , v l in H 2 (X). We define the I-function I X,V by
This function I X,V (q, ) is the J-function (3.1) coming from the equivariant Floer cohomology of (X, V). First consider the case where X is Fano. By Givental's mirror theorem [Giv3] , we know that for Fano toric variety X, small J-function J X (q, ) coincides with I X (q, ). Let J modif X,V (q, t, ) be the hypergeometric modification of the J-function J X (q, t, ) of X by the vector bundle V. This satisfies J modif X,V (q, 0, ) = I X,V (q, ), hence by Theorem 5.2, it follows that the equivariant Floer cohomology of (X, V) is isomorphic to the restriction of the big quantum D-module of (X, V) to some q-space. Thus, the theorem follows from the uniqueness of the reconstruction (Theorem 4.9).
Next we consider the general case. First we use the following lemma: The proof is given in Appendix. Let W be the sum of line bundles O(−D 1 ) ⊕ · · · ⊕ O(−D k ) over X. Because a line bundle over a toric variety is determined by its first Chern class and H 2 ( X) = H 2 (X), we can naturally consider V as a vector bundle on X. Let J
be the S 1 × S 1 -equivariant J-function of ( X, W ⊕ V), where S 1 × S 1 diagonally acts on W ⊕ V fiberwise. Let λ W and λ V be generators of S 1 -equivariant cohomology of a point with respect to the S 1 action on W and V respectively. Since the bundle W may not be convex, we do not know a priori that J 
When W is convex, the above lemma follows from the main theorem of [KKP] . The proof is also given in Appendix. Let J modif X,W⊕V (q, t, ) be the hypergeometric modification of the Jfunction J X (q, t, ) of X by the S 1 ×S 1 -equivariant vector bundle W⊕V. By a simple calculation and the fact I X (q, ) = J X (q, 0, ), we can see that lim λ W →0 i * J modif X,W⊕V (q, 0, ) = I X,V (q, ).
On the other hand, the D-module generated by the small J-function J modif X,W⊕V (q, 0, ) is the restriction of the D-module generated by the big J-function J S 1 ×S 1 X,W⊕V (q, t, ) to some q-space. By applying i * and taking the limit λ W → 0 of this relationship, we can see that the D-module generated by I X,V (q, ) is the restriction of the D-module generated by J S 1 X,V (q, t, ). Again by the uniqueness of the reconstruction, we obtain the theorem in the general case.
Example
Let M k N be a degree k hypersurface of P N . This variety is Fano if k < N , Calabi-Yau if k = N and of general type if k > N . We compute the big quantum cohomology of general type hypersurface M 9 8 , regarding it as a superspace (P 7 , O P 7 (9)). The equivariant Floer cohomology F H * S 1 (L P 7 /O(9) ) of the superspace (P 7 , O P 7 (9)) is generated by the Floer fundamental class ∆ over the Heisenberg algebra C[ ][ [Q] ] P with the following relation:
where [P, Q] = Q. Following Theorem 3.1, we define a frame Φ of the Floer cohomology by Φ(1) = ∆, Φ(p) = P ∆, . . . , Φ(p 7 ) = P 7 ∆, where p is a positive generator of H 2 (P 7 ). Define a connection matrix Ω by P Φ(p j ) = 7 k=0 Φ(p k )Ω kj . In order to calculate P Φ(p 7 ) = P 8 ∆, we expand the right hand side of (6.1) in P , then substitute the same right hand side for terms containing the factor P 8 in the expansion. Repeating this process, we obtain a power series in Q; there remains an error term in each step, but it goes to zero in Q-adic topology. The matrix Ω is of the form
where P 8 ∆ = Next we reconstruct a big quantum D-module. We solve for connection matrices Ω(q, t), Ω0(q, t) = id, Ω1(q, t), . . . , Ω7(q, t), where t = (t 2 , t 3 , . . . , t 7 ) is a deformation parameter corresponding to H ≥4 (P 7 ). The function Ω(q, t) is an extension of Ω(q), and Ωk(q, t) is a connection matrix corresponding to the flat direction ∂/∂t k and satisfies Ωk(q, t)e 0 = e k , where {e 0 , . . . , e 7 } is a standard basis of C 8 . Let Ω(n), Ωk(n) be the n-th order approximations of Ω(q, t), Ωk(q, t) with respect to the variables (t 2 , . . . , t 7 ). Because deg t k = 2 − 2k for k ≥ 2, we can see that Ω(5) = Ω(q, t), Ωk(5) = Ωk(q, t). We start from Ω(0) = Ω(q). Assume inductively that we know t] ] is generated by e 0 , so has a unique C [[q, t]] [ Ω(n)]-algebra structure such that e 0 is a unit. Let Ωk(n) be the multiplication matrix by e k in this ring. More precisely, Ωk(n) is given by
Next by using the relation q∂ q Ωk(n) = ∂ k Ω(n + 1), we integrate Ω(n + 1) as
In this way, we can find connection matrices Ωk in finite steps. The flat coordinates {logq,t 2 , . . . ,t 7 } are determined by the condition Ω(q)e 0 = 7 k=1 ∂t k ∂ log q Ωk(q, 0)e 0 = 7 k=1 ∂t k ∂ log q e k . It follows that flat coordinates are given bŷ q = q,t 2 = t 2 + αq,t 3 = t 3 + 1 2 βq 2 ,t 4 = t 4 + 1 3 δq 3 , t 5 = t 5 + 1 4 ρq 4 ,t 6 = t 6 + 1 5 ηq 5 ,t 7 = t 7 + 1 6 ωq 6 .
After this coordinate shift, Ωk(q, t(q,t)) becomes the multiplication matrix by p k in the big quantum cohomology QH * (P 7 /O(9)). For simplicity, we present the 7 × 7-minor of the matrix Ω1. This represents the quantum product of p in QH * (M 9 8 ) induced by the natural projection QH * (P 7 /O(9)) → QH * (M 9 8 ).
( 
Appendix
Here, we prove Lemma 5.5 and Lemma 5.6. 7.1. Proof of Lemma 5.5. We recall the construction of a toric variety X by a symplectic reduction of C N . We use the notation in section 3. A data for constructing X consists of (1) a real r-dimensional torus 
Then, we can define X as X := µ −1 (η)/T. Let A be a subset of the power set P({1, . . . , N }) of {1, . . . , N } defined by A := {I ⊂ {1, . . . , N } | η ∈ i∈I R >0 u i }. In order for X to be compact and smooth, we need the following conditions:
(1) I∈A I = {1, . . . , N }.
(2) if I ∈ A, then {u i } i∈I generates Hom(T, S 1 ) as a Z-module,
The first condition ensures that X is non-empty, the second and third conditions correspond to the smoothness and compactness respectively. Under the above conditions, X is a compact, smooth, Kähler manifold with H 2 (X, Z) = Hom(T, S 1 ). The vector u i is the class of the toric divisor {z i = 0} ∩ µ −1 (η)/T and η is the class of the reduced symplectic form. The Kähler cone K in H * (X, R) is given by I∈A ( i∈I R >0 u i ). It is clear that η ∈ K. The first Chern class of X is given by the sum c 1 (X) = N i=1 u i . Because K is a non-empty open cone, there exist non-negative integers n i such that N i=1 n i u i + c 1 (X) ∈ K. Take a bigger multiset u 1 , . . . , u N , n 1 times u 1 , . . . , u 1 , . . . , n N times u N , . . . , u N .
For this multiset, it is easy to see that the above conditions remain true. The corresponding toric variety X has the same second cohomology group H 2 ( X, Z) ∼ = H 2 (X, Z) and the same Kähler cone. Therefore, by the construction, X is a Fano variety, and contains X as a complete intersections of ( N i=1 n i ) toric divisors. Because the cohomology ring of toric variety is generated by toric divisor classes, the restriction map H * ( X) → H * (X) is surjective.
7.2. Proof of Lemma 5.6. Let X be a symplectic reduction of C N . By the proof of Lemma 5.5, we can assume that X is a reduction of a coordinate subspace C N of C N . We have a natural T := (C * ) N action on X. This torus T naturally acts on W so that the regular section s ∈ Γ( X, W) defining X = s −1 (0) becomes T-equivariant. We choose a suitable T action on V compatible with that on X. Let (λ 1 , . . . , λ N ) be generators of H * T (pt). We consider J-functions also T-equivariantly, then it suffices to prove the following formula:
(q, t, ) = J T×S 1 X,V (q, t, ).
The theorem follows from the non-equivariant limit (λ 1 , . . . , λ N ) → 0 of this. Furthermore, this follows from the following relation between the virtual fundamental classes: := Euler T×S 1 (R • π n+1 * e * n+1 (W)). Note that this is an equality in the localized equivariant homology H T×S 1 * (M 0,n ( X, d))⊗ H * T×S 1 (pt) C(λ 1 , . . . , λ N , λ W ). It suffices to show (7.1) in the case where W is a line bundle and X is a toric divisor in X. The proof below can apply to a more general situation: X is a T-manifold such that fixed points and one-dimensional orbits are finite, W is a T-equivariant line bundle which has a regular equivariant section s ∈ Γ( X, W) and X is a zero locus of s. We compute the equivariant virtual fundamental class by the virtual localization of Graber and Pandharipande [GP] . Each T-fixed component of M 0,n ( X, d) can be described by a certain connected tree graph Γ with various labels. Let V and E be a set of vertices and edges of Γ respectively. Let f : (C, p 1 , . . . , p n ) → X be a stable map in the T-fixed component M Γ corresponding to Γ. Each vertex v ∈ V corresponds to a connected component C v of C which maps to a fixed point x v ∈ X. Each edge e ∈ E corresponds to an irreducible component C e ( ∼ = P 1 ) of C which maps to a one-dimensional orbit l e ⊂ X. A vertex v is adjacent to an edge e if and only if C v and C e has an intersection. Let S v ⊂ {p 1 , . . . , p n } be a set of marked points on C v and k e > 0 be the degree of the covering f | Ce : C e → l e . The fixed component M Γ specified by these data (V, E, {x v , S v } v∈V , {l e , k e } e∈E ) is of the form M Γ ∼ = val(v)+♯Sv ≥3 M 0,val(v)+♯Sv / Aut, where M 0,n is the Deligne-Mumford compactification of the moduli space of genus 0 curves with n marked points. The virtual localization formula says that
, where i Γ : M Γ → M 0,n ( X, d) is the inclusion and e T (N virt Γ ) denotes the T-equivariant Euler class of the virtual normal bundle of M Γ . First we show that the λ W → 0 limit of each term of the right hand side vanishes unless an image of a stable map in M Γ is contained in X. For an element (f, C, p 1 , . . . , p n ) of M Γ , we have the following exact sequence. where N e is a vector bundle on C e defined by the exact sequence 0 → T C e → f * T X → N e → 0 and N e (−2) is defined by 0 → N e (−2) → N e → N e ⊗ O poles → 0, where 'poles' are two points of C e mapping to fixed points. where α,β is a product over pairs (α, β) which satisfy the same conditions as the first term in (7.3). In order to study the λ W → 0 limit, we count the number of the factor λ W in the above expression. The first line of (7.5) is in fact a T-equivariant classes and does not contain λ W . As for the second line, the factor λ W appears when there is a trivial T weight space (because S 1 acts by scalar multiplication). Suppose that we have a trivial T weight space in [H 1 (C e , f * W)] for e < 0. In this case, the orbit l e must be contained in X because the section f * s ∈ H 0 (C e , f * W) is zero. Hence, f * W is a T-invariant line subbundle of N e . By the long exact sequence associated with 0 → f * W → N e → N e /f * W → 0 and the assumption that one-dimensional orbits are isolated, we can see that H 1 (C e , N e ) must contain a trivial T-weight space. Therefore, the above expression (7.5) vanishes and we can assume that [H 1 (C e , f * W)] has no trivial T-weight. By using the regular section s, we can see that the line W xv has a trivial T-weight if and only if x v / ∈ X. Also we can see that if e ≥ 0 and C e ⊂ X, then [H 0 (C e , f * (W))] contains a trivial T weight space. Therefore, the first factor in the second line of (7.5) has a positive number of λ W factors if f (C) is not contained in X. Thus the problem is reduced to the case where f (C) ⊂ X. By the same argument, we can assume that [H 1 (C e , f * W)] contains no trivial T weight subspace. Hence, we can take the λ W → 0 limit of each term in (7.5). By the exact sequence of T-equivariant bundles 0 → f * W → N e → N e /f * W → 0, and the T-equivariant decomposition T xv X ∼ = T xv l e ⊕ (T xv X/T xv l e ) ⊕ .
The right hand side equals the inverse of the Euler class of the virtual normal bundle of M Γ in M 0,n (X, β) for some β such that i * β = d. By the virtual localization of [M 0,n (X, β)] T virt , we can see that the relation (7.1) holds.
